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cfXuMsIj[ZlcZlcd`AxhOBv$cdx5Z\`
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
uhcdO<rO<XAsFZlKhOjlcxh
O(lg n)
Zlcdx+WﬂuhcOBrOBXBŁR`Aj\OuhjlOBrcX\ObW
OsIXlX\ghN.OﬁZlKMsFZﬁOsIj\Osn_MbdO.Zl`¯r`IxaXoZlj\gMrZ$s&IjwsnuhK
G′
`A_YZlsIcdxhO<v¨_5WN.OjlIcxhX[OBIOjwsnbAOj\Z\cfrOBX
`I
G
cx¯sAOj\Z\O±#`n
G′
sIxMv&bcdx7D+cxhZo`X[garwKIOj\Z\cfrO<XcdGZ\KhOBj\OcfXqsIxOBvYAOﬂcdx
G
_0OZoOOBx&Zo``I
ZlKhOcjqOBbdOBN.Ox5ZlXBqJKhOﬁIOj\Z\O±&X\OZ`n
G′
cfX
{N ′1, N
′
2, . . . N
′
p′}
snxavOﬁvYOxh`IZ\O
|N ′i |
Z\KhOﬁx5gMN$_0Ojq`I
AOj\Z\cfrO<Xq`I
G
Z\KMsnZSKas3IO_0OOBxN.OjlIO<v&Z\`#`I_hZlsncx
N ′i
sIxMv
deg′(N ′i)
Z\KhO.vYOAj\OBO$`I
N ′i
cdx
G′

AOj\Z\O±
N ′i
`n
G′
Z\KMOxr`AxMX[cfX[ZlX`nZ\KhO`Abdb`Fcxh.cdxY`Aj\NsnZ\c`Ix?F
T
|N ′i |
snxav
deg′(N ′i )
T ZlKhOﬂcxY`IjlNsFZ\c`Ix`Ij^sIbdb«Z\KhOIOBj[ZlcrOBX
Nj ∈ N
′
i
MXoZl`IjlOBvcdx&sX\cdxhAbdON.ON.`Aj\W
ZB`IxhOA
T cxMvYO±YOBXZl`]xMOcIK+_a`AjlX`I
N ′i
cdx
G′

JKMOSAjlsIuhK
G′
KMsIXN.`IjlO`FAOjZ\`XlsFZ\cfX[WZ\KMO`Abdb`Fcxh.K5W+u0`nZlKhOBX\OBXB
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  1
3
lg n ≤
|N ′i | ≤ lg n
"
JKhOx+ghN$_0Oj]`n^O<vYIO<Xﬂjl`IN s¯AcdAOxIOBj[ZlO±¡`n
G′
rsnx¢_aO_a`AghxMvYO<v _+WX[ghN.N.cxh¬`FAOjcdZlX
OBbdOBN.Ox5ZlXNF
deg′(N ′i) ≤
∑
Nj∈N
′
i
deg(Nj) =
∑
Nj∈N
′
i
kj ≤ |N
′
i |Kc lg n = O(lg
2 n) c
KhOBj\O
K
cX
sr`IxMX[ZlsIxAZvhOBXlrjlcd_hcxhSZ\KMO^X[c`ZO`IaZlKhO_a`AghxMvhsIj\W$`n0Z\cx5WﬁuhcOBrO<X5sIXcx5Z\jl`+vhgMrO<v]snZ ﬁe5gMsFZlcd`Ax
c
^ee§
 gYZ^OxhOO<vsX[Z\jl`IxMIOjK+W+ua`IZ\KhO<X[cfX`Ix#Z\KMOZ\`nZwsnbx+ghNﬁ_aOBj`nOBvYAOBX`n
G′

&´·


³
 É 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deg′(N ′1) + . . . + deg
′(N ′p′) = O
(
n
lg2 n
)
.
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cjlX[ZOﬁxh`nZlcrO$ZlKMsFZcdxZ\KMO]sI_a`FAO$jlOuhjlOBX\Ox5ZlsnZ\c`Ix`I
G c
IﬀON.Ns¬_e§«sIOj\Z\O±
Nj
gMX\OBX
O(lg2 n)
_hcZwX
c O(lg n)
_McZwX^`Aj^Z\KMO$cxMvYO±`I
Mj
cxZ\KhOﬁj\OBbdOBFsnx5ZrsnZlsIbd`AsnxMv
O(lg n)
`IjOBsArwK
`IcdZlXBŁsnZﬂN]`5XoZ<
Kc lg n
xhOcIK+_0`IjwXOeKhcfrwK¡IcIOBXSO<sIX\cdbW¬s#_a`AghxMv¨`n
O(lg3 n)
`AjZ\KhON.ON.`Aj\W
xMOOBvhOBv_5W#snbbIOBj[ZlcrOBX`n
G
ZlKMsFZ^N.OjlIOScx&X\`IN.O
N ′i

ﬁqOxMrOqsbd`YrBsnbYjlOOjlOxarOZ\`ﬂN.OBN]`Aj\WﬁsIvhvYjlOBXlX\OBXjlObfsFZ\cIOZl`X[`AN]O D+xh`Fx
N ′i
j\O<eAgMcdjlOBX
lg lg n+
O(1)
_hcdZlXB
IﬀOZ$gMX$xh`F j\OZ\ghjlx¨Z\`ZlKhOcxY`IjlNsFZlcd`Ax XoZl`IjlOBv¨cdx s¯IOj\Z\O±
Nj ∈ N
′
i
`n
G
¯Jﬀ`jlOOBjﬂZ\`¬s
xMOcIK+_a`Aj
Nl
`I
Nj
YcdxMX[Z\O<sIv`nŁgMX[cxhsnx&sIvMvYj\O<X\XcxZlKhOKh`IbON.ON.`IjlWvYOA`nZlOBvZl`
G
MOjlOOj
¤ajlX[ZZ\`.Z\KMOﬂIOj\Z\O±
N ′k 3 Nl
snxavZlKhOx&IcIOSZlKhOsIvhvhj\O<X\X`I
Nl
cx#Z\KhOﬂN.ON.`Aj\W ZB`IxhOﬂvYOBI`IZ\OBvZ\`
OBbdOBN.Ox5ZlX`I
N ′k

tOOjlj\cxhqZ\`
N ′k
cfXvh`IxhOcdxavYcdjlOBrZ\bW_5WﬂAcd+cxhqcdZlXcxMvYO±cxZlKhOsnjljls3W`nhZlKhOIIsnZN.`AX[ZB
O(lg2 n)
xMOcIK+_a`AjlX`n
N ′i
kJK+gMXs$jlOOBj\OBxMrOqZ\`]s$xhOBcdAK+_a`Aj
Nl
`n
Nj
r`5XoZwX
O(lg lg n)
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`IﬀZlKhO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G
cXX\cdN.cbsIjZ\`]Z\KMOsnjlIghN.Ox5ZgMX\OBvcdx IﬀON.NsYFGKhOjlOSZ\KhOr`AX[Z`nŁs]jlOOBj\OBxMrOSZ\`
s]xhOBcdAK+_a`Ajvh`5O<XI`ﬁjl`IN
O(lg n)
vY`FxZl`
O(lg lg n)
KhcrwK&W+cObfvhXZ\KhOrbsIcdN.O<vr`IN.uhbO±YcZoWA
JKhOﬂsAvhvYcdZ\c`IxMsIb0r`AX[Z`Aj
G′
cfXX[gh_MbdcxhOBsIjX[cxMrOScdZKasIX
O( n
lg2 n
)
IOj\Z\cfrO<X_+W ﬁqW5u0`nZlKhOBX\cfX°.snxav
O<vYIO<X_+W ﬁ^W+u0`nZ\KMOBX\cX^{]snxavO<sIrwK&r`5XoZwX
O(lg n)
_hcdZlXB
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JKMO¨sI_a`FAOjlsIN.O`IjOD-O<sIX\cdbW­snuhuhbcOBXZ\`-Z\jlOO<XF¢s Z\jlOO¨cZlK
n
AOj\Z\cfrO<XrBsnx®_0O¨j\O<rghjwX[cIOBbdW
vhOBr`AN.ua`5X[O<v cxAZl`¨Z\cx5W Z\jlOOBX.`Ib`I5snjlcZlKhN.crX[c`ZOAcdZ\KX[cfvYO<Xr`IxaX[cfXoZlcdxM`IOBvhIOBXr`IxhxMOBr§ZlcdxM
xM`+vhOBX`nGvYcﬃ0OBj\OBx5ZZlcdx+WZ\jlOOBXB
R`Aj\Ocx5Z\OjlOBX[Z\cxhAbdW ﬁqW5u0`nZlKhOBX\OBXIa+M~YM°]sIxMv{$sIj\OxMsnZ\ghjwsnbbdWXlsFZlcX[¤MO<vKhOBx#vhOBsnbcxhﬁcdZ\K
N.O<X[Kr`IxhxMOBr§Zlcd+cdZoW
c
Z\KMsnZcfXBA`AjNsnuaX`AxX[gMj[ÉsArOBXe§
t
`Abdb`Fcxhﬂ`IjcdxaXoZwsnxMrO KﬁMÎ+sﬂZ\jlcsIxhIghbfsFZlcd`Ax
M
cdZ\K
n
ÉsIrO<XrBsnx­_0Ouasnj\Z\cdZ\c`IxhO<vcdx5Z\`¢Z\cx+W"jlOAcd`AxMX_+WvYOBr`IN.u0`AX\cdxh-snx®sIj\_hcdZ\jwsnjlW-vhgMsnb
X\uMsIxhxhcxh¨Z\jlOOcxAZl`¡Z\cx+W Z\jlOO<X
c
ZlKMsFZcfXBsX\uMsIxhxhcxh¨Z\jlOO`nSZ\KMO¬vYgMsIb^IjwsnuhKﬀr`IxhxhO<r§ZlcdxhsIbdb
ÉsArO<XﬂsIrrj\`5X\XO<vYIO<XOeﬁFﬂghu0`IxjlO`IjlN.cdxM&s
c
bd`YrsIb eﬂuhbsIxMsnjZlj\cfsnxMIghbfsFZlcd`Ax¬jl`IN O<sIrwK¨Z\cx+W¯Zlj\OBOIs
vhOBr`AN.ua`5X[cdZ\c`Ix
(M1, . . . , Mp)
cfX`A_YZlsIcdxhO<vhX\gMrwKZlKMsFZ^F
¥kO<sIrwKZ\cx+WZ\jlcsIxhIgMbsnZ\c`Ix&r`Ix5ZwsncxMX_aOZoOBOx 1
12
lg n
snxav 1
4
lg n
Z\jlcfsnxhAbdO<X
c
Z\KMsnZ^cXB
c = 1/4
e
¥kO<sIrwKZ\jlcsIxhIbOS_aOBbd`AxhAXZl`O±hsIrZ\bW`IxhOSZlcdx+WZlj\cfsnxhAghbfsFZ\c`IxaX
¥_a`AghxMvhsIj\WOBvYAOBX^sIj\OﬂjlOAj\`Aghu0OBv#cdx5Zl`
 iﬁ
c
X\OBe5ghOBxMrO<X`nGOBvhIOBXqX[OBuMsnjwsFZlcdxhcdZ^jl`INZ\KhO]X\sIN.O
Zlcdx+WZlj\cfsnxMIghbfsFZlcd`AxMXOe
JKMO_0`Ighxav`Ix$Z\KhOx+ghN$_0Oj`IMOBvYAOBXŁ`nMZ\KhOIjwsnuhK
G
Z\KMsnZGvhOBXlrjlcd_0OBXŁsIv3m[sArOBxMrWjlObfsFZ\c`IxaXﬀ_0OZoOOBx
X\cfvYOBX`IZlcdx+WZlj\cfsnxhAghbfsFZ\c`IxaX`Abdb`F^Xjl`IN ﬁkgMbdOBj	 Xj\OBbsnZ\c`Ix«
JKhcfXﬂvYcj\O<r§ZﬂsnuhuMbdcfrsnZ\c`Ix¯`IZ\KMO$jwsnN.O`IjOD#Z\`Z\jlcsIxhIgMbsnZ\c`IxMXqgMX[cxh&snx¨snjl_hcZljlsIj\WX\uMsnxMxhcdxM
Zlj\OBOﬂ`IjwrO<X^gMXB©sIX^O±YuhbsIcdxMOBv&cx>KdM8aZ\`#r`AxMX[cfvYOBj^Z\KMOﬁrsnZlsIbd`A
Dm,k
`IsnbbﬀuhbfsnxMsIj^Zlj\cfsnxhAghbfsFZ\c`IxaX
cdZ\K
m
OBvYAOBXŁsnxMv$`IxhO_0`IghxMvMsnjlWrWYrbOIFKhcfrwK$cfXvYcd+cfvYOBvﬁcxAZl`
k
X[cfvYOBXBJKMOOBxAZlj\`Au+WS`IhZ\KMcXGrbsAX\X
`IZ\jlcsIxhIghbfsFZlcd`AxcdZ\Ks._a`AghxMvhsIj\WcXqKh`FOBIOBj
α = 2.17
_hcdZlXquaOBj^ÉsArO
c
uhbdgaXqs
βk lg m
ZlOjlN Zl`
ZwsDAOkcdx5Zl`sIrBr`Aghx5Z«Z\KhOx+ghN$_0OjŁ`nMX\cfvYOBXcdx5Zl`qKhcfrwKﬂZ\KMO_0`IghxavhsnjlWcfXŁvYcd+cfvYOBvﬂe§qXŁsqr`AxMX\OBe5ghOxarOI
ZlKhOsAvhvYcdZ\cIOuMsIj[Z`IZlKhOOBxAZlj\`Au+W¯bdO<sIvhXﬂZ\`¯s&jlOuhjlOBX\Ox5ZlsnZ\c`Ix¨KhcfrwKcXr`IN.uMsAr§ZBŁ_hgYZ]X[gMrBrcxMr§Z
`AxhbW`IjrbfsIXlX`n©Z\jlcsIxhIgMbsnZ\c`IxMXcdZ\Ks_0`IghxavhsnjlW
c
j\O<rsnbb+Z\KasFZkZlKhOqrbfsIXlXG`IaZlj\cfsnxhAghbfsFZ\c`IxaX`n©Z\KhO
X\uhKhOBj\OKMsAX`IxhbWOBxAZlj\`Au+WI A$_hcZwXu0OjZlj\cfsnxhAbdO_e§
G¦x¨X[ghN.NsnjlWI0`IxMOﬁrsIx¯O±Yu0OBrZqZ\KMOﬁAOxhOBjlsIbjlsIN.O`IjODZl`W+cdOBbv¯OBsIX\cbdW&r`AN]uasIr§ZSj\OBuhjlOBX\Ox5Zlsn¥
Zlcd`AxMX`IjN.OBX\K#r`IxhxMOBr§Zlcd+cdZoWcZlK_0`IgMxMvYOBvÉsIrOSvhOIjlOO<X ﬁq`FOBIOj<AsAXOﬂX\KMsnbbX[OBOI+N.`IjlOSrBsnjlO
cfXxhOBOBvYO<vZl`rwKh`+`AX\OZlKhOvYO<r`IN.u0`AX\cZlcd`Axcx&`IjwvYOjZl`]uMj\`YvYgMrOﬂs]X\gMrBrcxMr§Z^jlOuhjlOBX\Ox5ZwsFZ\c`Ixﬀ
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c
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